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CAIRACTERIZATION TIIEOREMS INVO.VIC;G TII

GENERAT.', ED NAPKO\-POI,YA DAMAGE C)2F1

by

B. Raja Rao and K. G. Janardan

Department of Mathematics and Statistics

University of Pittsburgh, PA 15260

1. INTRODUCTT ON

Let the integtr-vaiued rando- i .iri " i denot th'e Oe a r(:nily

which produces t+o types of children, say boy!,, and girls, rnr ... plicity,

with probabilities p and q, wiiere p 4- q 1. Let. NA and N denote the

numbers of boys and girls, respect ivety, '.hrr N " - N,, . if the accent
A

is on the number NA, we say that N is rcoitce', to : 'A y :iu'ans of tHi, binomial

damage model

P(NA kIN n) -. n k, k = , 1, 2. n.

It is well 1'no,.n that the numbers M and ZI are independent if, and onlyA B

if, N has the Polsson d4sLribution. Cov;iri a-e for-mil -is ltwoen N and N have
r A B

been obtained by Paja Pno vt ij (1.9;3) nnd ij;T zn (19,1 ) for cme ge.neral

classes of distributions of N, such as !I'o ;.p.I.. ml the N.P.S .D. of ,upta

(1974). These c.as!ses,; inelude many of Ilie ,Ititar i r!ij,'ret e ,i tvributlons,
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g en eral2. ed d ist r ibu t ions, such asf t hie Gen vrn I i z d PoIsFson11, Neg".1t ive0 B i-

nomial 3nd the Logarithmiic Series di! ~:rilnt lons.

In the present paper, the Ceii~ra 11 ?d ?Iarknv-Pol va and the Otias i-

Binomial random danige mo(1ls are v~ vvd Crnxrinnr form ,ilas for the

numbers N and N are obtained for thp G.P.S.J). and M'.P.S .1. classes of
A

distributions. A characterization theoremr Is provod for the General izo(d

Markov-Polya damage model, which sayr tit N A ndr " are independent if,

.aid only If, N has the Goneralized To .a~gnege ~~ t ion Tif-

zesult generalIzes Consul's (1975) charactorizat ion of tho Cneralized

Poisson distribution for the Quasi-13inomial darn;iepe modr-l.

These chai-acterIzat ion theorems. t o!e Ie hr vif: !iw cc:ir'ilr utrwimn'las

for the numrbers N andl N. Tend to roni, intorl ing jIde'i? If T . 1;
A I

identit ies inv-31ve the expcctat ton!s of Ht. mml o'n a; raindrV1 w,:-0,,r or

funct ions of the random variable N, Where M iris! the 2eonera 1izcd l.Va!-

Eggenberger or the 6ccral ized Poivson d Vt ri% it in.

2. A GENIRAL IOV:i~AM~AN;I:

Theorem (2.1): Supposo that in 'heistinN rellic'i N. .Iccovding to

somc random danigc model roich thatit

E(N A N) = Np. o < p < .

Further, let N A 4 N N. Then t Ito ctO' i i nc I- ii t i.,, t wo o

varialhies N A nd N 11is r iv('n by 110 4"Itl 1!i enT

Cov(N AtN B p V (M) -V (N3 A



I -

Proof: From equation (2.1) we get

E(NA) = E (E(N AIN)) = E(N)p

similarly E(NB )-E(N)q, where p + q 1. To find the varianco of N we use

a reault from Chiang (1968):

V(N A V {E(N AIN)} + E { V(N .N))

AA

__ p2 v(r:) + E {((NAIN)} .. . .(2.3)

Similarly

Cov(NAN B ) = Coy {E(N IN), E(N IN)} + EfCov(N ,N IN1
A' B A B A' B

pq V(N) - E {Cov(NAN B )N .... (2.) 

Consider now

Cov(N\,NB) IN = E(NA, N IN) - I;:" ,)7 (NT:)
A A

EfN A(N-N A N', -- N pq

- N~p - E(N2 IN) ,--
A

-Np- {V(NA [ L(N\ N) N2

- v(NAIN) . (.. (.')

Using equation (2.5) in (2.4), we get

Cov(NA,NB) pq V(N) - E{V(N A N).

An alternative formula is

CoV(NN) p V(N) - V(NA),
As'B A

which proves the theorem.

Observe that no f.pecial random damage ,.:,del has holn as,;umcd, except

thuat equation (2.1) hol ds, namely, E(M .IjN) - 'Ip. Th I Is a very general

model. Further, the digt.rib lt io of 'I ir n1,,o 1 eft n:;pe,¢cIfied.



The following theorems are easily proved.

Theorem (2.2): Let the r.v. N have a Genrcralized Po,er Series Distribution

(G.P.S.D.) with the series function f (0), namely,

P(N=n) a f) 0 > 0, n E T, f(0) > 0, a ' 0

where T is a subset of the set of positive integers. Then, under the b'-omial

damage model, (Raja Rao et al, 1973)

A' pqO 2  d 2 1

Cov(NAN pq02 d log f (2.5)

It follows that

Cov(N N < 0 according as log f (0)is Convo.:x or Concave in 0.
A' B

This theorem includes many of the standard discrote ditribitions.

For Fisher's Logarithmic Seriei. tr i,,t ea --

f(0) - log (1-0) and Cov(NA N B ) < 0 if 0 > 0.63?.

Theorem (2.3): Let the r.v. N have a 111difit-1 ov.:ter Sories Distribution (MI.P.S.D.)

with the probability function

P(N=n) >ag(0)}n/f(O), a 0, ,(O) 0, 0( 0, n E T.

Let the damage model be binomial, as before. Then (Iznja P,,io, 1081)

_d2

Cov(N ,NB ) pq {g(0)1 2  dg(0log f(,I) ..... (2.6)
At B dr' 2(0)

The M.P.S.D. class include! the i.,,gran. ian (or ,,n.-;lized) Poisfson

distribution, th# Generalized Nop nLiv- P iorni,-il 1'L.tribution and the

Generalized Logarithmic Series Di!triiiirtion , ind hr ir truncated forms,

among others.
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Theorem (2.3) shows that if g(0) is an Increasing function of 0, then

NA and NB are positively or negatively correlated if the function log f(Q)

is convex or concave with respect to g(O).

In the next section, we introduce the Generalized ,arkov-Polva damage

model and obtain covariance formulas for NA and NB"

3. THE GENERALTZED MARKOV-POLYA DAMGE MODEL AND ITS SPECIAL CASES

Definition(3.1): A r.v. N is reduced to NA by the Gneralized Markov-Polya

Damage Model if the conditional distribution of N given 1---n is given by
A

(x,c) (n-x ,c)

(AXNnI =n\ ab (a + xt) (1) + 7:77 1 (a + b + nt)(nc
P(N =~xjN=n) =~ -(-~--- ----- _ ±__-----..(3.1)(A) a + xt. (a + 1 + nt)( "'"

i* a > 0, b > 0, 0 t <1, c 0 0, x 0,1,1,...n. (J2. i:rdan), 19?7) . Here

(x,c)
a = a (a+c) (a+2) (a+3c) ... ( + 7-1 c).

For example, a (' 1 )=, a(X O)ax

a(x,-l)= a ( x) == a(a-1)(a-2) .... (a--x4 1)

a(x ' l) [-- ax a(a+l) (;,42) ....

(a+b)(Xc) X(I + b)(xc/a) etc.a

A convenient and simple form of eqiai on (3.1) i.- obt-nined by letting

p - a/(a+b), q = b/(a~b), - t/(a4-b), ' c/(a4b)

Then the Ceneralized Marlov-Polyn dIm,ig, model i:



A) (n (.2
P(NA xIN=n) :npq (p+xo) (q'if(.o) .( (n,$) (3.2)A p+x 0 (q Ti-x , +n0

where O<p<l, O<q<l, 0<0<i, ¢O, p+q=] .

This model contains several distributions as special cases. For instance,

(i) 0=0 and =O gives the binomial.

(ii) €=O gives

P(NA x[N=n) =(n) B(pC) B (q,O)
,B (1,0)

n
where Bx(Pe) = p(p+xe) x -

. This is the Quasi-Binoia] di stribution.

Because of its importance in the sequel, we define thin distribution as
follows:

Definition (3.2) A discrete r.v. IT i r-educd to ';f jhe f Oiasi--Binomlal
A

damage model if the Conditional dint uliut.ioi o,- , yjvci ':I is given ',y

P(N =xlNT=n) n- ...-.q-- L-f , (3.3)
Ax l+ 1+ 11 Fi 1-1-u1" 1/. . .

where p+q = 1, p 0, 0 < I and x = 0,1, n...., Thin reducos to the

binomial damage model if 0=0.

(iii) 0-0 gives the Markov-Polya d i rIibut io-,-

x-I n,-x--l

P(NA=xINzn) ( r) IT (p+.j-) H r.4iA)

n-I

H (1 4j

(iv) *=-l gives the Qiiasi-Ilyperomet ric ( dist r ilt io-,,



P (N A=xIN=n)=

where

p
it ~(p, 0) = (p- X9~

(v) J~--1 and 0=0 gives the 1hypergeomtric distrib'lution.

(V i) -1f gives the Quasi-negative hyporgomtric d2Si-lb!u tioll.

(vii) 0=1, =-1 or 0=0, t{=T gives the negative 1vegee nri r (the
beta-binomial) distribution.

4. THJE GENERALTZED) POLY A-EGGFNP ) T-P(, 7 T 7'F7TPTPfN AND ITS SPECIAl. CASC

Definit ion (0.1): A randomn variable N in- rn-iP1 lo Ihave the General i~ed Polya-

E-,ggcnlberger distribuition , if its prol)rb ii i: fmtii in is given by (Janarclan,

1973)

p (p

when 0*0<1, -JO, n=0,1,2,

Some special rases of this din1-tr ibut inn aire th >1loin

Mi 0=0 gives the Pol ya -l'gigenben' er di n-lt V t' (n i. *, thec neri"t iv e bi-

nomial dirztrihtinn wilh p-i-F ind y/



(ii) i=l gives the generalized negative binaM J i,;tribution

p (p4n0)(n, ) [1() p
P (N=n) n! - , 0<.__1.

r (p4n (04-1)) (1-2) )

n! n! (p+n'>41) (1-) -

where g( ) = q(!- ) 0 , f(m (1-o - p

(iii) In the Generalized Polya-Tlggenberger distrilition, if we take

0 = X and let ' -i 0 such that M1, it can be shev tha-t the resulting
p

distribution is the Generalized Plis-on distribnt;in. '.e eiio. this

distribution for easy reference.

Definition (4.2): A diccrete r.v. 11 i:; no.l to h-ve th r,,Co-a ed

Poisson (or Lagrangian Poisson) distribution if iVs probability function

is ,( -

P(N=x) = M< (1-txX)Yl y 1 . . . . ...

where 1>O, OzA <M-

The Generalized Poisson dijt;iht is a],7o a lmiting form of the

Quasi-Binomial distribution if p and crc very . hall ,i1 n is large

such that rn and nO are constant.

5. A CFAVAT~;,, J : wiv:

Theorem (5.1): Let a r.v. N b,- .- - to A " , o:r (h d, eral.ed

Markov-Polya random dan::ange nu'1 c2(V,) n in 1V ea-

tion (3.2) . Let Nn 1 -- NA. "hn th rol,-, r ', 1 ,l , nd " are
A,



independent if, and only if, the r.v, N Ias, t.e I cn ,raI ized Pol va-Eggenberger

distribution.

Proof: Necessity follows easily since the damage mode] is Ceneral ized Markov-

Polya, we get the conditional probability

n (p+kO) (1 +n0) (5.1)

P(NA=k ' NB=n-k 1 N=n) = 
p q  -- (n.'()

(p+kO) (q +n.-') (14nO)

This gives the unconditional prohahility

P(NA-k , N B=n-k) = P(NA=k, N1= n-kIN=n) P(N=n)

If N has the Generalized Polya-Eggenberger distribotici with parameters (I, r,

, B) it is clear that P(N Ak, NI=nik) is fz.ctorizAble, shawin; th1iti "A and B

are independent.

To prove sufficiency, let NA  and B he ind'.p(1,!, (-1 . lC-nz.C ' ( w)

Then following Kruskal's (1960) approach, v'e have

(I4+ O) (u-'!-v) !

T1 ( - 1 (,=) (v) (,.)
U+v (1± 1Th +u4-

for some funct ion,; f(.) and g (). N t ic r f (0) ner ((I) C T , ., , f or

there is a positive probability that NA- and thaIt N 0G. T1 s thre " a
A B

function h(') such that

f(u) g(v) = h(u+v) . . (5.3)

for some non-negative integers. This Is the Caticiv fuctLi-Mal Coqniltion,

whose non-trivial solution is

f (u) = E P X1 , r(V) - a, C e



so that from eq (5.3)

(1+ T,-T 0) (u+v) 1/ X(u~v)T1 u+v (1+ uT-- 0) (114v, .) = a e

or 1 (l+n)

n (1+nO) n!

Setting e = 1and using the tart tlat -I, get
~n

a a (-B). Therefore N has the General i:oed Polv'i-F e:>'r,.er dis-

tribution with parameters (1, 0, 4b, ,).

Remark: It is seen from Theorem (5.1) that thc niml'er< a1d N1, have

independent Generalized Polya-Fggenb.rg'r d(striiition! :it probabil I t,:

funct ions

p (p±:O) (1-)

P(N =X) = ------- -- _..A p+xO x

and q (q+yO) (v  Y1_?-

P(N = Y) . _. V
q+yO Y!

6. COVARIAINCE BETWEr;; Tl. NI m " and N

Theorem (6.1): Let the r.v.N have any discroe dist rilit icon. Further suppose

that the r.v.N is reduced to NA bv the Ceonerali-ci r -dam'lge model,

given by (3.1). If N 4- Nn = H, th, COvirari;re' , A 1d N i! given by
A A

equation (6.5).

Proof: Observe that iii the generali,-od ,N; Ilv-Pn , lva ,I i:,a e mr(l i, we do have

E(NA IN) N N -b = Np, so that Theorem (.1) I o!e-,. Whi!, 7,ive
A a+b



CoV(NA,NB) pV(N) - V(NA) pqV(N) - E [V' A N) . (5.1)

Also from Janardan and Schaeffer (1977) we 1cnow rhat

V(NAIN) = -F (

a+ba+b j=O (;14- 1) 
f  

j- N t )

M N-1 (a+b) M (j 2 ) ' (t-4-c)
j  (6.2)

N2pq - pq 
k 

(6.2)

j=0 (ab-Nt-+-j+l c) (i, ,c)

t C
Defining =- -- and t = - , the denominator of the. jth term may be

written as

-+, (j +1.C j +) 1 0'l~j )(+1 63
(a+b+Nt+N-j+] c) (a4 -)  (6.3)

This gives from equauion (6.2)

V(NAIN) - N2 pq - pq ...................... . . . (6.4)
AIN;t)- =. 0.)

Substitut:i-ig eq (6.4) in eq (6.1), oht a iii
. ( }' 2') ( ,.

Cov(N ,N ) pq {V(N) - 1(r7 ) 7: -

I.e.,

N-1 N(j42) (04) 1

Cov(NA'N B pq M - (j ) -" (N)F . . . (6.5)

J 0 ( I4 N r - N - . I 4 )

Remarks: (1) An importinnt. spoc i.i I ':;t, o '1 1 . - , vwhich is

equivalent to taking t.=c-O in tho C.,r va, ' .- 'olv', l:vi mo.1le , which

reduces to the binoimial dam, go rmod ,l ,d !;ivt



Cov(NA,Nn) = pq (V(N) -(

as in Raja Rao et al (1973).

2) Another important case is ,hen rh, r fi. * the ",.d-'ric,- I r Srics

distribution witl- p.f. as in Thoor m (.'.31 ccl '

F'(N) =

g'(0) f (9)

eq (6.5) gives

N-I N(4+2) (0+4)J-F f'(0) g(l) j 2

Cov(NA,NB) = pq {E -
"  ( 6 )

J=O (I+NC+ N-j4-i f)(+ 0 )f" _ N'(., f(.,

where the expectation is taken w.r.t. thr" M.P.S.. , corr. -' results

for the GeneraIi:.d 5o issson , Ccnera1 'cl .' . t, 1, ,.ralized

Logarithmic Series Di.trbut jons ar,, ,if', t- tios

f(O) and g(O).

For the Goneral ized I'nis son, f() n', ari ,(') . -- a "e

N-I N(+ V

Cov(T.,N ) " pq { ". I.-.. .. . (- -7)

At B (Ir,0 -

For the General ized eaat ive binor, i; 1, f(J) r: 1--) ,1 g(1') = (]-

This gives

N-1 (j+?) ( ,)
Cov(NA,N 8 ) - pq{ . ..-- " . . (6.8)

JAt (l"8 j "'0 l ' l'



3). An interesting case occurs wlen thu r.v. ! hi. ti, 'li,,raltI.d Vol va-

Eggenberger distribution, as in eq (3.3). Ninee "et p'

from equation (6.5), . )

N-1 N(J+2) U >)2
Cov(NA' NB pq {F. .- -. -- - - . (6.

j=0 (1+,';0+ i N-I' ( !,:)

But in Theorem (5.1) we have proved tNa-t an4 ".:, ini I , q' is

gives an interesting identity, which w, sumv-iri;:e in h, fLr-, (C ,1 thlorcn.

Theorem (5.2) : Let the r.v. N have the Coneral i:'I P.,lvi- e: ei rp.or d,.

tribution given by eq (4.1). Then the fol loving idlnt ifv 1.,,, ::

N- I (j+2) • 2:)(E+) (- F OTT ))" . ., 5 .... . (6,.10)
j=O (14N0+ -j+j. 4)(j ! ,, : 1 :)..

Observe that in equatio (6.10), one Ih.i on ttho 1ft i.:iiW i-le tho so

of a random number of functions of th, r.v, N, and t' o o::po-tit ion is tn bo taken

w.r.t. the Generalized Po1v-Edenherir ":itr 'it ion.

Remark (1): As we have mentioeiie- i ,,', w, A ',i If .; .,l ,,,

arkov-Polya distribution give the ',,cnmi-1;fis.:,i l."; ' ,v,1, N: init ion (3.3)].

Using = X and letting 46 -* 0 such tht M, one obta illn tho- ,:en,.ral zd
p '

Poisson distribution from the General ired P'ol a-F,llhelhergci di i:tr ibut ion.

Making these parametric l imiting operations, Theorem 15.1) relsuces; to a

characterization theorm concernin I Ile c(nevl I i:--' i .. s dP. r illt Ion 7ith

the Quasi-Sinomial dimitge model. Tn thfs sss. or Vli,,r,- (').1) cenerali~es

Consul's (1975) result.

Remark (2): Tf we let c 0, I.e. I-C0, In ,qpl;,t ion (01.") , .o 7t the result:

N-I (+2) (li'

A- (1 0 1 1



for thc Quas t-B3irnvii0 t!.v'v ' podc .ht x',h t of

S im i In r Iv ta k~ I t i It, I ''~ tti it (6.(. 0 co*. -fit,' v

N ha--s 1.1 M.P.S.D.

C ho os in g I l part tci1 :r , N to Ihve c h r '( one!c I e I i !r'n i !;I I i mi t. iln

gives, from equa t ion (6.10n), r1.'1w ient it

N-I (j±? +
N _ 4 (6. 1?

Remiark. (1) : Makingi cor t ain otheir paral-ict r ic 1 - t : i I,.- 1 '-, I! it, i F

pos-Aih le to obtaj aint ser Ie cf- , c !ar'I c-I *i'.lt that f11.............. iii

fromnl ur Th),orvm(I).%e xmlcacail :

Choosing !-], Olle 011L.illn the' ' i -ll if i.''t 7 ','! .1c Ni on

f rom t1we.( rnora1 i,'''d Maitvi1, I.' L 1
i ia. -P I. .-

p, ct th I~nct I ~ -, G cy n~' c r~ .~ I. 7 Iv- p t

as

CORIWIARY 01 a11 1 it of ) I'. t li e .c ~te

qlita -n( gaLiv' t.' ('g'(Ti ve .. ~ c . : .*,.

v itr ial I, 1 c ; A n

CORRM0 AWI' ( 2) Le t I- . v. N b, I r~n ! I 1 .1,I f' o t 1) t

t ive' hypcrgoomt-r ic (t he beta-h ino:% Ia') 'I ]-I A and~hiI IP ''

NBare inir'poindent 'F, and onlv. if, i a 1 t: '' itI't ill.
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